An analytical approach to turbulence modeling based on the double-Lagrangian formalism is applied to turbulence modeling. Extending a selfconsistent closure theory of homogeneous turbulence, current approach allows us to derive a quadratic nonlinear viscosity form of the Reynolds stress without relying on empirical parameters. To examine the future possibility of the present methodology as practical modeling approach, a simple non-linear Kε model is constructed, which is then applied to turbulent channel flow at a medium Reynolds number (Re = 590). With the help of conventional modeled equations for K and ε, the channel turbulence is stably calculated yielding reasonable agreements with a DNS.
Introduction
Whereas occupying important places in CFD for both engineering and natural sciences, most of turbulence models still rely on empirical estimates rather than on theoretical evidences, which sometime seriously regulates reliability of current CFD. A number of works have been conducted so far to remove this fundamental stumbling block from various aspects, which is to develop turbulence models without any tuning parameter. Most of such self-consistent approaches have been developed for homogeneous isotropic turbulence for simplicity. Among various branches, direct interaction approximation (DIA) and its offshoots gave a break-through by incorporating stochastic-relaxation process using infinitesimal response function, which succeeded in a self-consistent extraction of relaxation timescale of turbulence (Kraichnan, 1959) . Reconstruction of DIA from Lagrangian description gave rise to the most successful class of moment-closure theories, e.g. Lagrangian-history DIA (LHDIA) (Kraichnan, 1965; Kraichnan 1966) , strain-based LHDIA (Kraichnan and Herring, 1978) , and Lagrangian renormalized approximation (LRA) (Kaneda, 1981; Kaneda, 1986 ). These works have arrived at qualitative and quantitative agreements with experiments and DNS; e.g. scale-local transfer of conservative quantities, non-linearity reduction in lower-order moments due to intermittency effect, Kolmogorov's scaling law with its proportional constant (Kolmogorov, 1941) , and so forth.
On the contrary to homogeneous turbulence, there are still enough room of development in the self-consistent theories for inhomogeneous turbulence. Whenever going forward to the inhomogeneous stage, the most crucial difficulty may be caused by general mean-flow configuration. Due to strong non-linearity of the Navier-Stokes equation, its broadband interscale self-coupling expands from fluctuation-scale (small scale) to mean-field scales (large scale), which prevents us from directly extending well-established knowledge of homogeneous turbulence. To bridge this gap between homogeneous and inhomogeneous turbulence, Yoshizawa applied the multiple-scale (two-scale) expansion technique which allows an separative discussion of the small-scale turbulence using a singular perturbation method, while the backreaction from small-scale to large scale can be reproduced as turbulence flux (e.g. Reynolds stress) in a perturbative manner (Yoshizawa, 1984) . The set of procedures forms a theory called two-scale DIA (TSDIA) -a combination of the multiple-scale expansion and DIA for homogeneous turbulence. TSDIA enables a systematic calculation method for various turbulence correlations, which provides us strong guidelines in turbulence modelings of RANS and LES inaccessible from conventional methodologies relying on dimensional and tensor analyses; e.g. anisotropic eddy-viscosity effect (Yoshizawa, 1984) , turbulent chemical reaction (Hamba, 1987) , vortex dynamo effect (Yokoi and Yoshizawa 1993) , etc. . Whereas remarkable, TSDIA still lacks some essence required for the theory of fluid turbulence. Hereafter we focus on two defects among others; 1) inconsistency with Kolmogorov's scaling law of homogeneous turbulence, and 2) inconsistency with the covariance principle (coordinate transformation rules). Both defects have arisen from a common issue; TSDIA is fully relying on the Eulerian framework. This implies that both difficulties can be removed at once by departing from Eulerian framework.
Recently, to comply with this requirement, the author has developed the double-Lagrangian framework where two independent Lagrangian pictures are incorporated (Ariki, 2017) . The double Lagrangian framework allows us to develop TSDIA to more physically-precise approach -TSLRA (named after TSDIA by A. Yoshizawa) -which is a new combination technique of the multiple-scale expansion and LRA theory . In contrast to the previous TSDIA, TSLRA is endowed with two remarkable features; (i) consistency with the Kolmogorov's scaling in homogeneous-isotropic case (Kolmogorov, 1941) and (ii) covariance principle under general-coordinate transformations (Ariki, 2015) , which have never been achieved simultaneously. In this paper, the theoretical prediction of TSLRA is cast into a complete set of closure equations with the help of an existing two-equation turbulence model in order to examine its potential toward more practical simulation modeling.
TSLRA formalism
In this paper, we do not cover all the formulation in details, but only show some of its core ideas. For details, the author refers the readers to a recent paper .
2.1. -Mean-Lagrangian picture -Unlike laminar flow whose rheological nature is uniquely determined by the equation of state, history of various physical properties may affect turbulence state at present time, which may be understood as the memory effect. Like in the general continuum mechanics, such memory effect can be most properly described by Lagrangian framework. To build up the Lagrangian framework we can import its basic platform from the conventional Lagrangian approach. One thing, however, should be altered; here we introduce the Lagrangian coordinate frame {z} convected by the mean flow ( Fig. 1 ). Let V(x, t) be the mean flow observed in the general coordiante {x}. Then the coordinate transformation rule x i = x i (z, t) may be determined by
with some proper initial condition. In the present formulation, all the field variables are once rewritten as functions on the mean-Lagrangian coordinate space; the pressure field, for instance, may read p(z, t). In particular, the mean velocity field observed in the mean-Lagrangian frame globally vanishes, i.e. V(z, t) = 0. 2.2. -Two-scale representation -As in many well-established models in RANS and LES, Kolmogorov's viewpoint is taken as our starting point; the local structure of well-developed turbulence enough apart from boundaries may represent some universal features in its statistical scaling, which often forms the basis of high-Reynolds-number models. Then the eddy-viscosity modeling arises from the analogy with the molecular viscosity caused by stochastic motions of molecules. However, unlike the scale separation between molecule and continuum scales, there is no such clear scale gap between fluctuation and mean flow in turbulence, which prevents us from directly applying this analogy to homogeneousturbulence theories. To overcome this difficulty, we utilize the multiple-scale expansion technique of Yoshizawa (1984) .
Consider an arbitrary field variable f (z, t) on the mean-Lagrangian coordinate space {z}. We assume f is to be rewritten as a dual-coordinate counter part f (ξ, t|Z), where ξ = z and Z = δz with δ being a bookkeeping parameter for later perturbation analysis. Also we assume statistical homogeneity in ξ, which stands for the idea of local homogeneity while Z for the modulation caused by non-uniform mean fields. Applying the two-scale representation, the velocity fluctuation u ′ may be regarded as the homogeneous turbulence subjected to some mild modifications from anisotropy and inhomogeneity, whose equations may be symbolically written as
whereF andĤ are linear operator, λ, µ, and δ are bookkeeping parameter for nonlinearity, anisotropy, and inhomogeneity respectively (λ, µ, δ = 1). In this notation the absence of µand δ-related terms results in the homogeneous-isotropic turbulence.
x i 2.3. -Lagrangian renormalization -Application of homogeneous-turbulence theory to ξ-space dynamics is the very key ingredient for the selfconsistency of the present theory. Among various existing theories for homogeneous turbulence, we choose the Lagrangian-renormalized approximation (LRA), which is known for its remarkable successes in the homogeneous isotropic turbulence, feasibly deriving the Kolmogorov spectrum with its universal constant (Kaneda, 1981; Kaneda, 1986 ). Here we encounter another Lagrangian concept; in addition to the Lagrangian picture based on the meanflow (see §2.1), we further focus on the trajectory of fluctuating velocity in order to properly access the Kolmogorov scaling law (Kolmogorov, 1941) . Introduction of two independent Lagrangian pictures is essential for addressing both K41 and covariance principle (Ariki, 2017) . Then two-point velocity correlations and infinitesimal response function based on the Lagrangian trajectory offer a closed system for arbitrary turbulence correlations on the basis of Eq. (2).
The above three steps §2.1- §2.3 form the core of TSLRA formalism which offers a selfconsistent closure scheme for inhomogeneous turbulence.
Reynolds Stress
Up to quadratic order in the velocity gradient, TSLRA yields an extended non-linear eddy-viscosity form of the Reynolds stress R i j ≡ ⟨v ′i v ′ j ⟩;
where S is the mean-strain rate, W is the absolute vorticity, D/Dt is Oldroyd's upper convective derivative, and κ(α) is a dimensionless algebraic function of turbulence shear rate α ≡ K ∥S∥/ε;
Here we assume that the Reynolds number is sufficiently high, so the kinematic viscosity ν is absent in Eq.
(3). Also note that the constants C ν = 4.69 × 10 −2 , C t = 7.34 × 10 −3 , C s = 1.53 × 10 −3 , C ′ s = 2.58 × 10 −3 , C c = 6.56 × 10 −3 , and function κ(α) are all theoretically derived (κ is obtained from a cubic equation:ᾱ −1 κ 3 + κ − 1 = 0). While being similar to familiar class of explicit algebraic models, Eq. (3) incorporates temporally non-local effect via derivative term, i.e. C t -term. κ(α) works as a damping function under strong straining motion (see Fig. 2 ). 
Application to channel turbulence
While the present TSLRA offers a deeper understanding of the Reynolds stress, its practical use in numerical simulation -the ultimate goal of any branch of turbulence modeling -may be still out of reach of the current result. Before arriving at such practical models, we shall meet at least two requirements. First, Eq. (3) contains K and ε as constitutive quantities, so we must close their unclosed transport equations separately. Note that TSLRA may be available for their closure, likewise TSDIA and other spectral theories had been utilized to obtain their closure equations. Some difficulties often arise in the closure of ε, where its physical process at high-Reynolds number is not so clear from its exact transport equation. Then application of TSLRA to unclosed ε may need further understanding of the transport physics of ε perhaps provided by near-future LES and DNS. Second, even higher-order expansion of the Reynolds stress may be necessary for applying general flow configurations and geometries of boundaries; current result of Eq. (3) may be understood as a quadratic nonlinear viscosity representation, which typically fails in the flows with swirling motion (Yoshizawa et al., 2001) . Even higher-order effects could be important in more general flows, which should be further explored in future works. Considering these two points, the present result Eq. (3) is still on the way to its practical stage. However, instead of waiting its fully selfconsistent development, we can examine its minimum performance with the help of conventional two-equation models; e.g. K -ε, K -ω, and K -l. Among them, the K -ε model may be the simplest choice directly applied to solve K and ε in the model (3). Thus, in this section, we construct a K -ε model based on TSLRA and apply the model to a simple channel turbulent flow.
In the standard formulations, K and ε are usually modeled by the following set of transport equations;
where P K (= −R i j S i j /2) is the turbulence production rate. For ν T in flux terms, we choose a conventional form ν T = 0.09K 2 /ε. The wall-damping functions are to be introduced to simulate near-wall flow. Following Abe-Kondoh-Nagano (AKN) model (Abe et al., 1995) , we put ν T → 0.09 f ν K 2 /ε where
and attach another damping function f ϵ to the destruction term of Eq. (6);
where y is wall-normal distance, η (≡ (ν 3 /ε) 1/4 ) is Kolmogorov's micro scale, R T (≡ K 2 /ε/ν) is the turbulence Reynolds number, model constants are fixed as σ K = 1.4, σ ε = 1.4, C ε1 = 1.5, C ε2 = 1.9, a 1 = 14, a 2 = 5, a 3 = 200, b 1 = 3.1, b 2 = 0.3, b 3 = 6.5. In this paper, we should not too much devote our efforts to fine tuning of these constants. However, these model parameters are carefully chosen for the conventional linear-eddy viscosity, and hence our Eq. (3) would trivially deviate from desired result. Then, reminding that Eq. (3) requires higher-order expansion in future applications, here we extend Eq. (3) by adding a cubic-nonlinear term to it;
where the last term in principle can be derived from the third-order analysis of TSLRA. Also note that SWW tensor is required to comply with general three-dimensional flow (especially in case of swirling flow with torsion of the stream line) which minimally extends the applicability of quadratic model of Eq. (3). Also note that all the possible cubic terms reduce to an equivalent shear stress in the simple shear flows, so here we do not examine all the possible candidates for simplicity. To minimize the modification on Eq.
(3), only one damping function f cubic similar to f ν is attached on the extra cubic term of Eq. (9);
where c 1 , c 2 , and c 3 are tuned later. Now the set of Eqs. (5), (6), and (9) form a non-linear K -ε model. Here we elucidate its fundamental feature via an application to channel turbulent flow of Re τ ≈ 590, where DNS data of Moser et al. (1999) is available. Before the complete RANS simulation, an apriori test of Eq. (9) is performed. Then we choose C cubic = 4 × 10 −3 so that the turbulence shear stress mildly agrees with that of DNS (see Fig. 3 ). In case of RANS simulation, wall-damping function should be incorporated to comply with the boundary condition of the Reynolds stress.
In this paper we choose c 1 = 14, c 2 = 1, c 3 = 200 for tuning f cubic of Eq. (10). On the basis of these model constants, RANS simulation of the turbulence channel flow is stably performed. The resultant mean-velocity profile is shown in Fig.  4 , where the present model reasonably match the DNS result as well as AKN. However, both models underestimate the mean velocity at the buffer layer. As a natural consequence, the predicted turbulence energy is somewhat lower than DNS data, but slightly larger than AKN (Fig. 5) . One should note that the new cubic term contributes to turbulence-energy production rate P K . Although similar profile is obtained in this simple shear flows, its background mechanism may be firmly altered in these higher-order terms. The predicted Reynolds stress is shown in Fig. 6 for each component. Here we focus on the anisotropic distribution of the diagonal components. Although the model somewhat underestimate the anisotropy, we still recognize the nontrivial inequality R 11 > R 33 > R 22 correctly predicted. Note that this inequality always holds for an arbitrary value of C cubic . Whereas not significant in this simple shear flow, this inequality in the diagonal components should be firmly considered in flow subjected to general wall geometry like secondary streams in corner flows (Huser and Biringen, 1993) . Further insight may be made from the anisotropy tensor of the Reynolds stress; B i j (≡ R i j /K − 2δ i j /3). Here we plot in Fig. 7 each component of B. It is notable that all the diagonal components satisfy their realizable condition − 2 3 ≤ B 11 , B 22 , B 33 ≤ 4 3 . Near-wall behavior of all the components tending to zero implies the isotropization at the wall vicinity, which contradicts the realistic behavior.
Conclusions
An analytical approach to turbulence modeling based on TSLRA has been presented. Thanks to consistency with guiding concepts, i.e. covariance principle and K41 scaling, current approach may lead us to better physical modeling by preventing us from obviously unrealistic predictions. A quadratic non-linear viscosity of Eq. (3) predicted by TSLRA has been extended to a generalization of K -ε type model. In this paper, we have examined its potential as a simulation model in a simple channel flow. Although not fully satisfactory, it should be noticed here that the theoretical result with the help of small modification can yield a reasonable agreements with DNS data. Owing to deductive approach up to Eq. (3), the model contains only one tuning parameter C cubic in the Reynolds stress (while the damping function is to be further added). Likewise, TSLRA may be available in minimizing the empirical estimates by maximizing theoretical supports.
Regarding the minimal model of (9), there may be two directions of its further development. One is to re-tune the standard K -ε equations while keeping the model expression Eq. (9). Indeed, conventional K -ε models often overestimate (underestimate) K (ε) as the Reynolds number increases (Fig. 5) , which partially causes the weaker anisotropy in modeling by preventing us from obviously unrealistic predictions. By applying TSLRA to the Reynolds stress, we obtain ≈ to fit the slope of log-layer to DNS, which amounts to fixing the known K diagonal components of the Reynolds stress (Fig. 6 ). The other is to extend current TSLRA to higher-order expansion, which may be more straightforward way in the current context. In principle, we can extend the quadratic expression (3) to an arbitrary order following TSLRA procedure, where the tuning constant C cubic in Eq. (9) is to be derived in its cubic analysis. In addition, the quartic terms such as WSSS contribute to diagonal components, which could improve the weak anisotropy of the current result.
Toward more practical modeling strategy, there are still many aspects to be explored. In this paper we have only demonstrated the lower-order result in the simplest turbulent channel flow, which should be further extended to more general flow configurations. Also note that the low-Reynolds-number and near-wall effects are just given by the dumping function of Eq. (10), which could be further investigated by the TSLRA approach.
